Working towards an algebra for operators of strongly interacting quantum fields, a nonassociative decomposition of field operators is proposed. In the demonstrated case, quantum corrections appear from the possible bracket permutations. A similarity of these corrections, as compared to corrections from dimensional transmutation, is considered.
I. INTRODUCTION
One of the most serious problems in modern physics is the quantization of strongly interacting quantum fields. This includes the confinement problem in quantum chromodynamics, quantization of gravitation, and probably also high temperature superconductivity with its strong interaction between Cooper electrons. The problem is that the algebra of quantum operators describing strongly interacting fields is unknown. Known commutation relationships of type φ (x),φ(y) = iδ(x − y)
describe free, noninteracting fields (hereφ(x) is the operator of a free field φ(x)). From the path integral point of view, we are not able to integrate the action when a nonlinearity exists. In particular, in quantum chromodynamics we have no analytical methods for integration over a quantum chromodynamical action, in which the interaction potential is of 4 th degree of the gauge potentials. For every modern theory aiming at unification of all fundamental interactions, the problem remains.
This article investigates the idea that operators of strongly interacting fields can be decomposed algebraically into products of nonassociative factors. In this case, the nonassociative factors form unobservables, but their product is an observable field operator. From the mathematical point of view, we assume existence of a nonassociative, infinitedimensional algebra A, which contains an associative subalgebra G ⊂ A. The observables are modeled to elements of this subalgebra G, whereas the quantities modeled on A \ G are not observable in principle. It is also required that the product ab ∈ G, if a, b ∈ A \ G. This article then offers the interpretation that the subalgebra G describes an algebra of strongly interacting fields.
II. NONASSOCIATIVE DECOMPOSITION OF QUANTUM FIELD OPERATORS
In this section, a nonassociative decomposition of field operators (observables) is constructed, with the goal of identifying an algebra for operators of strongly interacting fields. We assume that the algebra itself will also be nonassociative.
Our construction follows the idea of slave-boson decomposition from condensed matter physics, where it is used to model high-temperature superconductivity (more details on slave-boson decomposition can be found in appendix B). In short, the creation operator of an electron c † iσ in a high-temperature superconductor is decomposed into a product of two operators
where i indicates lattice sites and σ =↑, ↓ is the spin index. The operators in this decomposition, f † iσ , b i , are associative. Following this idea, we now assume that operators of strongly interacting fields Φ m (x µ ) can be decomposed in similar manner, into nonassociative constituents f i α and b iβ :
here m is an index where internal and Lorentzian indices are collected, i is the summation index, and the α, β are contained in m as: m = {α, β}. Although the constituent operators f i α , b iβ are not associative, the basic idea in this paper requires their product to model an associative operator. In more mathematical terms, the operators f i α and b iβ are elements in a nonassociative algebra A, i.e., f
It is necessary to note that the operator Φ m models observable quantities, whereas the nonassociative f i α , b iβ are unobservable. For more information on nonassociative operators and unobservables see [1] .
III. EXAMPLES
Similar to traditional quantum field theory, where products of field operators are reduced to a normal form, we now consider the product of operators f Let us consider the following example. We have a product of nonassociative factors:
We require to bring this into the form:
Since all four terms are associative, this would yield a product of observables:
where
In order to quantify the difference between Eqs. (4) and (5), we consider the product
As f ia αa , b i b β b ∈ A with a, b = {1, 2}, a change in bracket arrangement between these nonassociative factors requires additional terms to keep the relation invariant. The corresponding associator is defined as follows:
It is interesting to mention that LHS of this equation is obsevable as the RHS involves only observables quantities. While we don't know the algebra A yet, the associator in general form is then:
here µ 2 α1,α2β1,β2 is a general number in the applicable algebra, and µ can be both real and nonreal. Therefore,
and
The indices are combined into (α a , β a ) = m a , in quantities µ
. If we apply this reasoning to a nonlinear potential of type Φ 4 , we receive:
The last equation allows to interpret the quantity µ as a real or imaginary mass, depending on the sign of µ 2 . In particular, for µ 2 > 0 it becomes the Mexican hat potential with two global minima. This intriguing result implies that quantum field theory with strongly nonlinear fields may yield nonperturbative quantum corrections, when field operators are decomposed as the product of nonassociative quantities.
This result has to be compared to Ref. [2] . There, it was shown that radiative corrections could introduce a symmetry breaking (i.e. negative) mass term into a scalar Lagrangian. This effect is called dimensional transmutation. For the pure scalar case, one cannot rigorously justify a radiatively generated symmetry breaking term, since the scale at which the symmetry breaking occurs lies outside the region where perturbation theory is valid. Nevertheless, it was postulated that a nonperturbative calculation would yield a similar symmetry breaking term, a negative mass, as it happened in our case.
The Coleman-Weinberg mechanism can be applied to the scalar Lagrangian, leading to a spontaneous symmetry breaking potential for φ of the form:
hereμ, g are constants. This potential has a nonzero minimum at φ = ±v = ±μ 2 exp 1 − 8π αg 2μ2 . In both cases, Eqs. (12) and (13), we have quantum corrections for the initial potential. [5] .
A nonassociative algebra A over a field K is a K-vector space A equipped with a K-bilinear map A × A → A. An algebra is unitary if it has a unit or identity element I with Ix = x = xI for all x in the algebra. An algebra is power associative if x n is well-defined for all x in the algebra and any positive integer n. An algebra is alternative if (xx)y = x(xy) and y(xx) = (yx)x for all x and y. A Jordan algebra is commutative and satisfies the Jordan property (xy)(xx) = x(y(xx)) for all x and y. The associator is defined as follows:
Any algebra obeying the flexible law
is called a flexible algebra.
1,2 µ [10, 11] ,
leads to appearance of two electrically charged (with respect to the Cartan subgroup of the color gauge group) Abelian scalar fields ψ 1,2 , and the electrically neutral field e µ , which is a complex vector. In Ref. [12] , a generalization of the spin-charge decomposition in high-T c superconductors (B3) to SU(2) Yang-Mills theory is proposed. This decomposition splits the SU(2) gluon field into spin and color degrees of freedom, treating all color components equally:
Here, Φ ai (x) is the 3 × 3 matrix, and e 
